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Abstract
When a crack in a thermally non-diffusive material is impact loaded — or prop-
agates at high speed — a cohesive process which resists slow crack extension
may itself cause decohesion by adiabatic heating. By assuming that decohesion
ultimately occurs by low-energy disentanglement within a melt layer of critical
thickness, the fracture resistance of craze-forming crystalline polymers can be
estimated quantitatively. Previous estimates used a simple, thermomechanically
linear representation of craze fibril drawing. This paper presents a more phys-
ically realistic, numerical formulation, and demonstrates it for constant craze
thickening rate (as imposed by an ideal full-notch tension test) and for linearly
increasing thickening rate (as at the tip of an impact-loaded or rapidly propagat-
ing crack). For a linear material, the numerical formulation gives results which
asymptotically approach those from analytical solutions, as craze density ap-
proaches zero. In more realistic model polymers, the enthalpy of fusion increas-
ingly delays decohesion as impact speed increases, although the temperature
distribution of an endotherm appears to have little effect. Increasing molecu-
lar weight, heuristically associated with decreasing craze density and increas-
ing structural dimension, increases the predicted impact fracture resistance. In
every case, fracture resistance passes through a minimum as impact speed in-
creases. The conclusions encourage the use of impact fracture tests, and dis-
courage the use of the full-notch tension test, to assess the dynamic fracture
resistance of a craze-forming polymer.
Key words: Crack propagation and arrest, dynamic fracture, fracture
mechanisms, fracture toughness, polymeric material
Nomenclature
β Thermomechanical efficiency
∆H Enthalpy
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∆Hf Latent heat of fusion
q˙′′ Planar thermomechanical heat source at active layer
η, η˙ Local thickness, opening rate of cohesive zone
Γv Dimensionless crack driving force
κ Bulk thermal diffusivity
λD, λF Natural draw ratio, fibril draw ratio
ρ∗ Relative density of craze
ρ Mass density
σc Cohesive stress
Fo; Fodc Fourier number; Fourier number at decohesion
ξ Distance from craze tip to crack tip
a, a˙ Crack length, velocity
B Specimen thickness
Bc Crack path width
c Crack-tip craze length
C , C∗ Absolute, normalised load-point compliance of specimen
Cp Specific heat
E′ Reduced tensile modulus
G Crack driving force
Gc Fracture initiation resistance
GD Dynamic fracture (rapid crack propagation) resistance
h Craze fibril surface heat transfer coefficient
j Finite volume cell number
k Bulk thermal conductivity
L0 Initial finite volume cell size
M , Meff Monodisperse, effective polydisperse molecular mass
NF Number of craze fibrils per unit craze area
Na Number of active Lauterwasser-Kramer craze surfaces
Nz Number of heat transfer directions (1 ≤ Nz ≤ 2)
q Heat exchange
sc Critical structural dimension of material
T Temperature
T0 Initial bulk temperature
tdc, tdc0 Decohesion time, decohesion time for zero-density craze
Tm Melting temperature
v , v˙ load point displacement, displacement rate
Vc Applied constant craze opening rate
W Crack path length of specimen geometry
z Coordinate normal to active surface
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1 Introduction
Several non-reinforced crystalline thermoplastics, e.g. polyolefins, are ex-
ceptionally tough when loaded at moderate rates, but succumb to brittle
fracture under impact — i.e. when loaded rapidly enough to exceed their
static strength within about one second. This transition in behaviour is
expressed as a rapid decline in fracture initiation resistance Gc as im-
pact speed increases (Clutton and Channell (1995); Channell and Clut-
ton (1996); Gensler et al. (2000); Rager (2003); Yu et al. (2004)) and in a
rapid decline in dynamic fracture resistance GD as crack speed increases
to about 100-300 m/s (Wheel and Leevers (1993a)). There is usually a cor-
responding transition to a more brittle fracture surface. Here Gc and GD
represent, for each case, the local energy expenditure needed to overcome
cohesion of the material across a unit-area plane.
These rate effects on fracture initiation and propagation are surely related,
but the relationship can be established only when the underlying decohe-
sion mechanisms are understood. Leevers (1995) proposed that in both
cases the mechanism was the same: low-energy separation within a melt
layer created by adiabatic heating.
The influence of adiabatic heating on the mechanical response of polymers
— even at quite modest strain rates — has long been recognised. Engel-
ter and Müller (1958) noted that the fraction β of mechanical work con-
verted to heat appeared to be smaller in polymers than in metals, but that
the much lower thermal diffusivity and greater temperature sensitivity
of polymers accentuated localised heating effects. In inherently localised
deformation modes, e.g. necking and shear banding, very high tempera-
tures can be generated. The elastic stress/strain localisation near a loaded
crack front also generates a thermoelastic cooling which, though often dis-
regarded, can amount to tens of K (Fuller et al. (1975), Bougaut and Rittel
(2001)). More investigators, however, focused on dissipative heating. Dif-
ferent assumptions about the scale and shape of the plastically heated
zone have been explored, and compared to results from increasingly so-
phisticated experimental techniques: from thermocouples (Döll (1976)) to
infra-red detectors (Bjerke et al. (2002)). Because crystalline polymers are
often opaque, and because the separation processes near observable free
surfaces differ from those operating under plane strain conditions, exper-
imenters have generally favoured glassy polymers. Nevertheless Haward
(1994), Brough et al. (2004), Steenbrink et al. (1997) and others have noted
evidence of local melting on polyethylene (PE) fracture surfaces.
Models which couple the effects of irreversible adiabatic heating back into
the deformation process are well established for shear banding, but not so
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for fracture. Bjerke and Lambros (2003) did recognise the importance of
heat generation within the craze active layer. They also noted, as Godovsky
(1992) had done, that rupture of a stressed craze fibril can release strain
energy and dissipate it during recoil. Because the fundamental micromech-
anisms of fracture in polymers are not well understood it seems para-
doxical that adiabatic heating could contribute to them, because thermo-
plastics generally become less susceptible to brittle fracture with increas-
ing bulk temperature. Williams and Hodgkinson (1981) modeled “thermal
blunting” more intuitively, as a process which toughens polymers at high
crack speeds and impact rates.
The adiabatic fracture model of Leevers (1995) is relatively uncompli-
cated but fully coupled. Adiabatic heating is not merely generated by a
predefined cohesive process and then fed back to interfere with it; it de-
fines the decohesion criterion, and thereby determines fracture resistance.
The ultimate separation mechanism is visualised as low-energy disentan-
glement of polymer chains within a very thin melt layer. This layer has
formed and thickened by adiabatic heating from a highly localised pro-
cess in which inextensible craze fibrils are drawn through a thin active
layer at the craze/bulk interface (Lauterwasser and Kramer (1979)). The
loss of fracture resistance with increasing speed corresponds to a tran-
sition away from isothermal conditions in this layer and towards those
in which there is a rate-dependent competition between adiabatic heating
and conduction.
This idea was analysed by modelling the craze layer as a Dugdale-Barenblatt
type, constant-stress, planar cohesive zone in a linearly elastic (Leevers
(1996)) or non-linearly pseudoelastic (Leevers and Morgan (1995)) mate-
rial. The thermal conduction analysis assumed conductivity and diffusivity
to be independent of temperature.
Despite these limitations, the model yielded encouraging results. It ex-
plained the power-law decay of Gc with increasing impact speed v˙ — es-
sentially, Gc ∝ v˙−2/3 — observed for pipe grade PE and other thermoplas-
tics (Leevers and Morgan (1995); Rager (2003)), and provided adequate
quantitative estimates of Gc values from bulk properties only (Leevers
(1996)). It also provided good estimates of GD, at speeds of 100 m/s or
so, as measured using a water pressurised pipe test (Greenshields and
Leevers (1996)) or the high-speed double torsion test (Wheel and Leevers
(1993a)).
Other observations cast the theory into question even when some of them
seem to support it. Rager (2003) found that PMMA shows the expected
inverse- 2/3 power law speed dependence although this material lacks
the well-defined ‘structural collapse’ (e.g. melting) temperature which the
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model needs. Rager (2003) even found that a thermosetting epoxy showed
this speed dependence, although it neither melts nor has any finite dimen-
sion of structural cohesion (e.g. for thermoplastics, the extended chain
length). Other apparently eligible thermoplastics, e.g. lower molecular weight
polyethylenes, seem to show an essentially rate-independent fracture re-
sistance (Leevers et al. (2000)). Further questions arise where changes
in impact fracture resistance are achieved without changing bulk prop-
erties which the model recognises as influential. Rubber-toughened and
microparticulate reinforced materials are probably outside the domain
of the model, but the greater resistance of β-polypropylene than of α-
polypropylene to impact fracture (Tordjeman et al. (2001); Chen et al.
(2002)) poses a real challenge: can adiabatic decohesion be sufficiently
affected by the broader distribution of endotherms?
This paper presents a numerical method which can implement more real-
istic assumptions to more realistic materials. The method is applied, using
three model thermoplastic polymers, to:
• a planar craze homogeneously extended at constant speed, as in the
deeply, circumferentially, sharply notched tensile specimens used by
Chan and Williams (1983), Pandya and Williams (2000), O’Connell et al.
(2002) and others; and
• a Dugdale-Barenblatt crack-tip craze, under impact or (to a first approx-
imation) rapidly-propagating conditions.
2 Development and results of the original analysis
Bulk
density ρ
Craze
density ρ*ρ
Cohesive zone (craze)
Physical crack
η
δ
ξ
c
x = a
Fig. 1. Cohesive zone dimensions
The original analysis was based on a crack-tip Dugdale-Barenblatt zone
(Fig. 1) — assumed to be much shorter than the crack — and on a very
simple thermal model of the active layer region (Fig. 2a). The cohesive
zone is sufficiently long and thin to be treated locally as one-dimensional,
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Fig. 2. Thermal models for the cohesive surface: (a) both cohesive surfaces active
within a uniform medium, zero convection; (b) single active cohesive surface,
semi-infinite medium, zero convection; (c) single active cohesive surface with
convection.
both mechanically and thermally, in its through-thickness direction. The
fibrils exist only mechanically, as inextensible members fixed at the co-
hesive zone midplane; their formation has not changed the bulk thermal
properties. They draw material through each cohesive surface against a
constant and uniform cohesive stress σc which arises from the creation
of fibril surface free energy, from dissipation associated with the disen-
tanglement needed to separate each fibril from its neighbours, and from
plastic work done during subsequent stretching to an extension ratio λF.
The total work appears as a planar heat source
q˙′′ = βσc
Na
dη
dt
= βσc
Na
η˙ (1)
at each active surface, where η is the cohesive zone thickness and t is
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time.Na , the number of mechanically active cohesive surfaces (1 or 2), was
assumed to be 1 and the thermomechanical efficiency β to be unity: for
crystalline polymers β is usually is reported to be about 0.8-0.9 (Godovsky,
1992) though Pegoretti et al. (2004) have indicated much lower values.
Whether they draw symmetrically or not, the two cohesive surfaces are
assumed to be thermally independent. Although there is thermal conduc-
tion away from each active cohesive layer, the temperature there increases
to Tm. After further heating, surfaces parallel to the active layer and some
critical distance sc (identified as a structural dimension of the material)
apart also reach Tm . The cohesive stress then instantaneously collapses.
Since a real craze has a finite relative density ρ∗, some proportion of q˙′′
must also be convected into it by mass flow across the active layer, but
this was accounted for only nominally: convection was assumed to bal-
ance conduction into the bulk material on the other side of the surface.
This assumption will now be implemented via another symmetry variable
Nz = 2 , by requiring the critical temperature condition to be satisfied
at ±sc/Nz from the active layer. Nz = 1 identifies an alternative limiting
case in which the craze has infinitesimal density and there is heat trans-
fer only into the semi-infinite bulk material; the critical thermal condition
must then be satisfied at z = sc .
3 Finite volume analysis
The numerical model accounts for the factors discussed above, and can
be used to isolate and investigate their effects in more detail for a non-
linear material — i.e one whose thermal or mechanical analysis cannot
rely on superposition. The z direction through each cohesive surface is
represented using a one-dimensional finite-volume model (Fig. 3). It will
be assumed that the number of active surfaces Na = 1.
At the beginning of step 1, at time zero, the undeformed bulk polymer is
homogeneous and isotropic has a uniform temperature T = T0. At t > 0
the craze material within −η(t) < z < 0 has been stretched to a constant
extension ratio λF (typically, 1-100) along the z direction. Within the craze,
NF fibrils cross each unit area normal to z. Each fibril is pinned at surface
1 with an adiabatic or isothermal boundary condition, and is drawn from
the bulk material to the right of surface 2. At time t = 0, the two sur-
faces still coincide and a linear array of cells, each initially L0 long and at
temperature T = T0, extends from surface 2 into the bulk material.
For a constant thickening rate η˙ = Vc as the cohesive surfaces begin to
separate, each cell in turn is stretched to λF in time ∆t = λFL0/Vc. Under
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Fig. 3. Finite volume model of fibril drawing at a speed Vc
impact loading, the craze thickening speed is increased according to the
cell number j:
η˙ = ηj − ηj−1
tj − tj−1 =
(
η¨L0
2ρ∗
)1/2
1(
j
)1/2 − (j − 1)1/2 (2)
To maintain stability, the time step is re-adjusted for each cell.
At the craze surface there is initially a planar heat source βσcδ˙ (Eqn. (1))
per unit area per unit time, where 0 < β ≤ 1 and σc (typically 20-50
MPa) are parameters. When the surface temperature reaches the nominal
melting temperature Tm a melt layer forms. Its growth consumes a la-
tent heat of fusion ∆Hf which can be interpreted as the mechanical work
needed to pull crystallites apart. The remaining work transferred across
the melt/bulk interface at step j is therefore dissipated as a heat source:
q˙wj = β
(
σcλF −Nj−1∆Hf
)
L0 (3)
where Nj−1 is the number of cells that have melted at step j − 1. The
analysis determines the decohesion time t = tdc , expected to be less than
1 ms, at which the melt layer has reached a thickness sc.
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Temperatures are defined at the centre of each cell, and calculated from
heat exchanges q at its surfaces during a time increment chosen for sta-
bility to be
δt <
L20
2κ
 ∆t (4)
where k is the bulk thermal diffusivity. The contributions considered are:
• Heat conducted along the fibril axis (z) direction according to
q = − d
dz
(kAT) (5)
where A(z) is the cross-sectional area occupied by solid, and the bulk
thermal conductivity k depends also on T and on extension λ.
• Surface heat loss from the fibril surface:
q = −hAS (T − T0) (6)
where h is a surface heat transfer coefficient and AS is the circumferen-
tial surface area of all cells at that position. Each cell is here is assumed
to have stretched to a length λFL0 at constant volume, giving it a char-
acteristic circumference 4
/√
NλF. The surface heat transfer rate to all
N elements is therefore given for λF > 1 by
q = −4hL0 (T − T0) (NλF)1/2 (7)
• Heat generated by the dissipation of mechanical work according to Eqn. (3).
The cell temperature is updated from the net heat flow over δt (see Ap-
pendix), using look-up tables representing piecewise-linear functions of
enthalpy per unit volume — excluding fusion peaks which are treated sep-
arately as in Eqn. (3).
Three model materials were investigated here. All three loosely resemble a
commercial, modified high-density pipe-grade ethylene copolymer, whose
impact and RCP resistance is of industrial importance. All have a structural
dimension sc = 2µm, which corresponds to a typical weight-average chain
length, and an enthalpy ∆H = ρCp = 2.4 MJ m−3K−1 where ρ and Cp are
the mass density and specific heat of the bulk material.
• Material PE-A has an enthalpy of fusion ∆Hf of about 130 MJ m−3 at a
melting temperature Tm = 138 C.
• Material PE-B is a hypothetical ‘β-PE’ derived from PE-A, whose phase
transformation enthalpy has been equally distributed between the melt-
ing peak up to 138 C and a secondary peak at around 70 C.
• Material PE-L is Material PE-A without a latent heat of fusion.
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Fig. 4. Thermal conductivity of model polymers
Thermal conductivity data k (T) for the bulk materials are shown in Fig. 4.
The linear dependence of k on stretch reported by Godovsky (1992) was
assumed here for all model materials, linear and non-linear: it simplifies
and accelerates solution by allowing stretched and unstretched regions
to use the same time step. However, thermal conduction within the craze
does not strongly influence the results. Thermomechanical efficiency β is
here treated as constant for each material, although the method does not
preclude consideration of strain or strain-rate dependency as observed by
Rittel (1999) and others.
After ∆t/δt time steps the active cell has emerged completely into the
fibril and the cohesive surface has advanced into the next cell. The tem-
perature field is reviewed and, if T > Tm, the melt front is located. When
the melt front reaches the critical distance the simulation is terminated,
the decohesion time tdc recorded and the surface energy (i.e. the effective
fracture resistance) calculated as the product of cohesive stress and total
opening displacement.
Each result must be monitored carefully to ensure that the energy balance
has been maintained. Specifying excessive precision at the outset, by de-
manding a cell size much smaller than the critical structural dimension sc,
can result in unacceptable computation time and accumulation of round-
off errors. Finite volume formulation permits a running check on solution
accuracy: after each cell has emerged completely from the substrate sur-
10
face, the heat content of the whole cell array is computed and compared
to the total mechanical work input obtained by adding the values of q˙wj
from Eqn. (3) at each step — minus the total latent heat of fusion. If this is
not within 1% of the specified thermomechanical efficiency β at the con-
clusion of the calculation, the cell size is readjusted and the simulation
begins again. Energy balances were usually maintained to within 0.1%.
4 Analytical solutions
The analytical solutions, based on linear superposition, on which the model
was based are here extended to provide new results and — firstly — to
provide idealised test cases for the numerical analysis.
4.1 Constant craze thickening rate
The assumption of constant craze thickening rate represents the full-
notch tension impact experiments of Leevers et al. (2003), in which a full-
section craze layer is formed slowly and then rapidly extended at constant
rate. Analytical solutions are available for two limiting cases, for craze
densities ρ∗ ≡ λ−1F of 0 and 1.
4.1.1 Full density craze
In physical terms, the work done by cohesive stress in this case is dissi-
pated wholly in creating the lateral surfaces of the fibrils — i.e. in disen-
tanglement. The separated fibrils are not plastically extended and remain
packed in a mass which has identical thermal properties to those of bulk
material. Thus material flows at a constant speed Vc over a plane heat
source of intensity defined according to Eqn. (1) as
q˙′′ = βσcVc
Na
(8)
The analytical solution to this problem (Carslaw and Jaeger (1959)) is
∆T = q˙
′′
ρCpVc
exp
(
Vc
κ
z
)
(9a)
for z > 0 and
∆T = q˙
′′
ρCpVc
(9b)
for z < 0.
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Figure 5 shows the computed temperature distribution around the source
after 10, 50, 100 and 200 cells have crossed it. The unstretched cell size
is 20 nm and the time step 0.2 ns, i.e. each cell takes 100 relaxation time
steps to cross the cohesive layer. The cohesive stress is 50 MPa, the craze
thickening rate 1.0 m/s and β = 1 is assumed so that the rate of heat
input to the single active surface is q˙′′ = 50 MW m−2. Here the boundary
condition at the other fibril root (i.e. the ‘inactive’ cohesive surface) is rep-
resented as an adiabatic wall, but after 200 time steps its effect is no longer
seen at the active layer, where the temperature increase has stabilised at
a value very close to the predicted 43.8 C. The predicted exponential de-
cay of temperature over a characteristic distance of κ/Vc = 150 nm into
the bulk material is very accurately represented, validating the numerical
model and emphasising the small length scales involved.
4.1.2 Zero density craze
This case, shown schematically in Fig. 2(b), is closely related to the original
model of Fig. 2(a): the craze exerts a stress, but has negligible volume. For
a specified finite craze thickening rate Vc, the thermal problem reduces to
that of a static semi-infinite domain heated on its surface by the constant
source of Eqn. (8), where Nz = 1 because only one direction from the
active layer is thermally conductive. Carslaw and Jaeger (1959) (p75) give
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the time evolution of temperature at z:
∆T = 2q˙
′′
ρCp
{(
t
piκ
)1/2
exp
(
−z2
4κt
)
− z
2κ
erfc
z
2
√
κt
}
(10)
where erfc(x) is the complementary error function. Equation (10) can now
be used to implement a decohesion criterion. Decohesion is assumed to
occur if, at time tdc0, the temperature T at the critical distance z = sc/Nz
from the active surface has increased from its initial value T0 to the melt
temperature Tm. On defining a decohesion Fourier number
Fodc = 4κtdc0N
2
z
s2c
(11)
we obtain(
Fodc
pi
)1/2
exp
(
− 1
Fodc
)
− erfc
(
1
Fo1/2dc
)
= NaN
2
zκρCp (Tm − T0)
βσcVcsc
(12)
The numerical procedure inverts Eqn. (12) to estimate a decohesion time
tdc0. This value is then used to choose a cell size to give the desired reso-
lution on calculated decohesion time tdc for non-zero craze density.
4.2 Linearly increasing craze thickening rate for zero density craze
Using the Dugdale-Barenblatt model, it can be shown that a small (length
c  a) crack-tip craze with constant and uniform cohesive stress will
thicken at a rate which increases linearly with load-point displacement
time t, so that
η¨ = E
′
σc
Γv
(
a
W
)(
ξ
c
)1/2 v˙2
W
(13)
where 0 ≤ ałW is the crack extension along a path length (defining the
specimen size) W , where 0 ≤ ξ ≤ c is the distance from the craze tip to
the crack tip, W the specimen size (crack path length) and
Γv
(
a
W
)
≡ B
Bc
1
C∗2
dC∗
da/W
is a non-dimensional form of the Irwin-Kies crack driving force G under
controlled displacement v :
G = E
′
2W
Γv
(
a
W
)
v2 (14)
E′ being the reduced tensile modulus and C∗ = E′BC being a dimension-
less form of the load-point compliance C . B is the specimen thickness and
13
Bc ≤ B are the specimen thickness and crack path width. The craze length
increases linearly withG, but will here be assumed to remain small enough
to leave C unaffected.
On transforming Eqn. (13) into a heat source intensity via Eqn. (1), the
evolution of the temperature field becomes (Carslaw and Jaeger (1959)):
∆T (z, t) = 1
NzρCp (piκ)1/2
∫ t
0
exp
[
− z
2
4κ (t −u)
]
q˙′′ (u)
(t −u)1/2 du (15)
Clearly η¨ is greatest at the crack tip ξ = c, where
q˙′′ = βσcη¨
Na
t = β E
′
Na
Γv
(
a
W
)
v˙2
W
t (16)
which is independent of the cohesive stress. After some manipulation, the
temperature distribution becomes
∆T (z, t) = 1
6pi1/2NaNz
βE′z3
ρCpκ2
Γv
(
a
W
)
v˙2
W
I (Fo) (17)
where Fo is the Fourier number Fo = 4κt
z2
and
I (Fo) = Fo1/2 (Fo + 1) exp
(
− 1
Fo
)
−
(
1+ 32Fo
)
pi1/2 erfc
(
1
Fo1/2
)
(18)
The adiabatic decohesion criterion is now applied again as in §4.1.2, and
the impact velocity corresponding to a given Fodc can be calculated by
writing Eqn. (17) in the form
v˙ = [I (Fodc0)]−1/2 v˙0 (19)
where v˙0 is a reference impact speed given by
v˙20 = 6pi1/2NaNzρCpκ2 (Tm − T0)
W
βE′s3c Γv
(
a
W
) (20)
The local decohesion condition is now assumed to precipitate unstable
fracture — an assumption whose validity depends on the geometrical sta-
bility properties of the specimen. Thus G = Gc when t = tdc and, since
v = v˙t, Gc can be determined from Eqn. (19) using Eqn. (14):
Gc = 3pi
1/2NaNz
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[
Fo2dc0
I (Fodc0)
]
ρCp (Tm − T0)
β
sc (21)
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Equation (21) concludes the argument through which Eqn. (1) has been
applied to a material whose strength collapses at T = Tm. Gc may now be
predicted for specific material properties, specimen geometry and impact
speed: Eqns. (11) to (21) are evaluated in succession from a chosen decohe-
sion time tdc0, which is the easiest parameter to estimate. Note that I (Fo)
reduces to Fo3/2 as the Fourier number becomes large; this will predict
that Gc ∝ v˙−2/3 at impact speeds v˙  v˙0:
Gc = E′−1/3
[
3
8NaNz
ρCp (Tm − T0)
β
]4/3
(piκ)2/3
[
1
2Γv (α)
]−1/3
W 1/3v˙−2/3
(22)
as shown in Leevers (1996) and elsewhere. Some impact fracture test meth-
ods, particularly for high speeds, measure tdc0 directly as a function of im-
pact speed, computing Gc only later, indirectly and with difficulty (Rager
(2003)). In this case Eqns. (11) and (21) can be applied directly.
5 Results
Using the more general numerical model, results for realistic model mate-
rials will be presented and compared (where appropriate) with those from
analysis. All simulations assume a single active cohesive surface (Na = 1),
an initial temperature T =23 C and — since surface heat transfer from
craze fibrils soon proved to be insignificant — h = 0. To simulate crack-
tip craze extension in impact, further parameters were given values typical
of ISO 17281 impact fracture tests on PE bend specimens: a dynamic ten-
sile modulus (E′ = 1 GPa), a specimen-shape dependent normalised crack
driving force (Γv = 0.1), and a specimen size (W = 12 mm).
5.1 Validation of the numerical method
The numerical method was validated using results for the linear material
PE-L. Figure 6 shows results from simulations at a constant craze thicken-
ing rate of 1 m/s and at an impact speed of 1 m/s. Typical limiting values
of cohesive stress have been chosen. As the craze density ρ∗ tends to
zero, there is excellent convergence to the zero-density decohesion times
tdc0 from Eqn. (12) and Eqn. (17), respectively, which are shown in Fig. 6
as points on the ρ∗ = 0 axis for each cohesive stress.
For a small crack-tip craze under impact loading (Fig. 6b), the decohesion
time of the linear analysis is independent of the cohesive stress, since as
cohesive stress increases, craze thickening rate for a given impact speed
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cohesive stress, as a function of craze density, for (a) a constant thickening speed
and (b) an impact speed of 1 m/s. Square points on the failure time axis show
the analytical predictions.
decreases (Eqn. (13)), and therefore the heat source of Eqn.(1) remains
unchanged. Fracture tests on polymers which fail by thermal decohesion
become non-conservative if the craze does not remain small (Leevers and
Morgan (1995)); we see here that increasing craze density has a similar
effect because the fibrils draw away more thermomechanical heat. The
lower the cohesive stress, the lower the craze density must be for adiabatic
decohesion to threaten its lifetime, but the corresponding true fibril stress
σc/ρ∗ remains sustainable by even a hot PE fibre (Smith (1999)).
Figure 7 shows the effect of constant craze thickening rate. Again, the
computed results show the same trends as the analytical ones, especially
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to analytical results of Eqn. (12) (lines) (a) for semi-infinite domain analytical
solution Nz = 1 and (b) for infinite domain analytical solution Nz = 2.
if the ‘semi-infinite medium’ option (i.e. Nz = 1) is chosen as a reference
(Fig. 6). As expected, the computed decohesion times exceed the analytical
ones due to heat loss into the craze.
5.2 Effect of material endotherms
Figure 8 compares temperature histories for linear (PE-L) and non-linear
(PE-A) materials respectively (for a craze density of 5% and at 50 MPa co-
hesive stress) at a constant craze thickening rate. For this intermediate
thickening rate of 1 m/s, cohesive surface heating is at first hardly de-
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Fig. 8. Computed temperature and melt layer thickness histories at a constant
thickening rate of 1 m/s for PE-L and PE-A, with craze densities of 5% and 50
MPa cohesive stress.
tected at the critical layer. Then, the temperature of the cohesive layer
continues to rise while a melt layer forms and thickens around it. The
melt front approaches and finally engulfs the critical surface, triggering
decohesion.
Figures 9 and 10 present temperature/time plots for all three materials
at impact speeds of 1 and 5 m/s, respectively, at 50 MPa cohesive stress
and for a relative craze density of 5%. Under constant thickening rate, the
melt layer appears quickly and thickens relatively slowly (Fig. 8), whereas
at an impact speed of 1 m/s (Fig. 9) its creation, thickening and decohesion
are completed within the last 30% of the decohesion time. On increasing
the impact speed to 5 m/s (Fig. 10) adiabatic heating is intensified and the
melt temperature is reached much more quickly, but melt layer thickening
remains relatively slow and becomes the overall rate-determining process.
The enthalpy of fusion and temperature-dependent thermal conductiv-
ity of material PE-A do not qualitatively change its craze decohesion be-
haviour from that of material PE-L. However, the decohesion time is ex-
tended — for a constant thickening rate of 1 m/s it is more than doubled
(Fig. 8). For the material PE-A, the temperature histories reveal a subtle
levelling-off as the melting peak is approached, and for material PE-B also
as the previous beta peak is encountered at 70 C (the histories for PE-B at
constant thickening rate are similar to those of PE-A, with an increase in
decohesion time of just 3%).
Table 1 differentiates the effects of single (PE-A) and double (PE-B) enthalpy
peaks (of equal total enthalpy) on impact fracture resistance at the same
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stress and an impact speed 1 m/s.
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Table 1
Influence of impact speed and material properties on predicted decohesion time
and impact fracture resistance at 50 MPa cohesive and for a 5% craze density.
1 m/s 5 m/s
Material Decohesion Fracture Decohesion Fracture
time resistance time resistance
(µs) (kJ/m2) (µs) (kJ/m2)
PE-L 917 3.5 157 2.6
PE-A 1027 3.9 218 4.2
PE-B 1101 4.0 226 4.3
two speeds: 1 m/s and 5 m/s. Clearly enthalpy peaks have much more
influence on fracture time when the impact speed is high and the melt
layer thickening process becomes rate-determining. Because convection
into a Dugdale-Barenblatt-Lauterwasser-Kramer craze increases linearly
with time, each hesitation in heating rate caused by an endotherm might
delay the onset of local melting enough for convection to overwhelm the
source. A ‘high’ speed of 5 m/s was chosen for illustration because at 7
m/s the critical condition is never achieved at all. However, the specific
form of the fusion endotherm — as a single peak in material PE-A or two
widely spaced peaks in material PE-B — appears to have little effect.
5.3 Effect of molecular weight
It is interesting to explore the effect of simultaneously varying critical
dimension and fibril stretch ratio according to their dependences on an
equivalent molecular weight. Increasing molecular weight increases the
structural dimension (thereby increasing decohesion time) but also in-
creases chain extensibility (thereby decreasing convective heat loss and
decreasing decohesion time). For the time being cohesive stressσc is treated
as an independent variable, though at least for some polymers it can be
measured directly (Leevers et al. (2000)).
For monodisperse PE with a monomer molecular weight of 14 g mol−1, a
backbone bond length of 0.15 nm and angle of 120◦, the extended chain
length s in nm is
s = M
14
× 0.127 (23)
The extensibility of a chain segment, defined as the ratio of the extended
chain length of molecular weight M to the end-to-end distance of a long,
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coiled chain of same molecular weight, is
λmax =
(
M
14C∞
)1/2
(24)
where for PE the characteristic ratio, C∞, is equal to 6.7 so that λmax ≈
0.1M1/2. The meaning of ‘segment’ in this context will be discussed in
§ 6.1.
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Figure 11 plots decohesion time as a function of constant craze thicken-
ing rate on the basis of this effective molecular weight Meff, whose effect
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becomes significant only at high speeds. Figure 12 shows that for two
constant thickening speeds and for a wider range of molecular weight —
within what might be thought of as representative values for PE — the
decohesion time, and hence surface energy, increases substantially with
increasing molecular weight. Figure 13 shows that the predicted impact
fracture resistance Gc to impact fracture also increases, but much more
modestly; this is one sign that the two test methods will not necessarily
provide equivalent information on structure/property trends.
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5.4 Effect of impact speed
Figures 14 and 15 present, for PE-L and PE-A, the dependence of Gc on
impact speed for two cohesive stress values and two Meff values. The
computed Gc has a minimum at roughly the same impact speed as the
analytical Gc value does; as mentioned for Fig. 6b, the analytical results
are independent of cohesive stress. As impact speed is reduced below this
speed, Gc tends to the signature −2/3 power rate dependence. Again, the
results of PE-B are very similar to those of PE-A and are not shown here.
24
110
8
6
4
2
10.2 0.5 102 5 10020 50
Im
pa
ct
 fr
ac
tu
re
 re
si
st
an
ce
, G
c (
kJ
 m
–2
)
Impact speed, v (m/s)
–⅔
50 MPa
Cohesive stress σc =
20 MPa
Analytical
solution
Material:  PE-A, 23°C
M = 200 kg mol–1
1
10
8
6
4
2
10.50.2 102 5 10020 50
Im
pa
ct
 fr
ac
tu
re
 re
si
st
an
ce
, G
c (
kJ
 m
–2
)
Impact speed, v (m/s)
Material:  PE-A, 23°C
M = 500 kg mol–1
–⅔
50 MPa
Cohesive stress σc =
20 MPa
Analytical
solution
Fig. 15. Computed impact fracture resistance vs. impact speed for model mate-
rial PE-A of two effective molecular weights of (a) 200 and (b) 500 kg mol−1, at
20 and 50 MPa cohesive stresses.
6 Discussion
6.1 Micromechanistic aspects
By improving the modelling, it has been shown that adiabatic decohe-
sion is not feasible for the small craze extension ratios which characterise
bulk ‘cold’ drawing, as we had previously suggested (Leevers et al. (2000)).
Meanwhile, Plummer (1994) has questioned the feasibility of the exten-
sion ratios calculated in §5.3. He points out that using the extended chain
length as a structural parameter implies that every chain is fully end-to-
end extensible, which cannot be true if a stable network of entanglements
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is ‘frozen in’ by crystallisation. If Meff is identified as the entanglement
molecular weight (about 2 kg mol−1 for PE) Eqn. (24) gives a maximum
extension of about 4.5 and an extended chain length between entangle-
ments, from Eqn. (23), of about 18 nm — one hundredth of that for the
extended chain.
 
  
(a) (b) 
(b) 
110 μm 19 μm 
Fig. 16. Fibrillar structure seen beneath a fast-fracture surface flake (Hazra
(2000))
However, the ‘natural’ draw ratio can be regarded less as a chain extension
parameter than as a continuum parameter determined by the true stress
versus true strain characteristic — specifically, by the ratio of yield stress
to strain hardening modulus (Haward (1995)). The latter may indeed be a
network parameter, but the entanglement density inferred from harden-
ing data tends to decrease with increasing temperature (Hillmansen et al.
(2000)). Even at low temperatures and isothermal conditions 4.5 is not
an untypical value of λD: many PEs can be drawn to higher ratios. In the
gel-like state which would prevail in a highly drawn polymer approaching
fusion, much larger extensions will be possible.
Nevertheless, a more sophisticated model should recognise that adiabatic
fibril extension takes place in two phases — ‘cold’ before, and ‘hot’ after
active layer fusion (see Fig. 2) — and that the extensibilities and cohesive
stresses for these phases will differ. For PE, evidence for the latter has
been inferred from craze size measurements (Leevers (2000)). Direct ev-
idence of adiabatic craze density is not accessible. Because decohesion
takes place at the craze/bulk interface, the craze (which will anyway then
spring back to a higher density) is hidden under a ’flake’ of solidified ac-
tive layer on one or other surfaces, although the edge view of Fig. 16 has
found it.
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6.2 Impact resistance and RCP resistance
A key objective of this study, as identified in the Introduction, was to
relate impact fracture resistance Gc to dynamic fracture resistance GD
for tough polymers. This relationship is important to those who must de-
velop, using small specimens, polymers which will resist large-scale steady
state dynamic fracture, e.g. rapid crack propagation in pressurised plas-
tic pipelines. Although specific test methods for the measurement of RCP
resistance have been developed (e.g. Wheel and Leevers (1993b), Green-
shields and Leevers (1996)), none has gained widespread use. Both ‘con-
stant thickening rate’ and ‘impact fracture’ tests can be made on small
specimens, but the present results suggest that they will not provide the
same data. Which of them better represents RCP properties?
0
0.5
1
1.5
2
2.5
3
0 0.2 0.4 0.6 0.8 1
Dimensionless time to decohesion, t/tdc
From quadratic
craze profile
From Dugdale
craze profile
Wedge profile: 
const. thickening rate
D
im
en
si
on
le
ss
 c
ra
ze
 th
ic
ke
ni
ng
 ra
te
, η
/η
0
.
.
Fig. 17. Profile of cohesive surface opening speed at a point traversed by a Dug-
dale-Barenblatt zone.
As the cusp-shaped craze profile of Fig. 1 sweeps past a fixed material
point at constant speed a˙, it imposes the craze thickening rate history
shown in Fig. 17. The rate of craze thickening is neither the constant
η˙0 = 8pi
σc
E′
a˙
assumed by Leevers (1995), nor does it linearly increase as in an impact
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fracture test; however the latter, at a rate
η˙ ≈ 2ξ
c
η˙0 = 2 η˙0c t (25)
is clearly a better approximation. An exact analytical solution for the Dugdale-
Barenblatt craze profile can be obtained and the numerical method intro-
duced here can also (with more difficulty) be applied, but these results
will be deferred to a later publication. The impact fracture approximation
leads to a useful translation between impact and RCP results: impact frac-
ture tests — even at the high speeds necessary — are simpler than RCP
tests, and more work has been put into refining experimental methods for
them (ISO 17281; Rager (2003))
Substituting in Eqn. (25) for the Dugdale zone length c and differentiating
w.r.t. time gives
η¨ ≈ 2
(
8
pi
σc
E′
)2 σc
GD
a˙2 (26)
which can be directly compared to Eqn. (13) for the unmoving impact-
loaded crack tip at η = ξ. Thus a fixed point in the material near the tip
of a crack loaded in impact will experience a similar thermal history as a
fixed point in the same material passed by a craze driven at an equivalent
crack velocity a˙eq, where
2
(
8
pi
σc
E′
)2 σc
GD
(
a˙eq
) a˙2eq ≈ E′σc Γv
(
a
W
)
1
W
v˙2 (27)
Since (according to the present theory) both points will then suffer deco-
hesion at the same time, we can write GD
(
a˙eq
) = Gc (v˙) and simplify (27)
to
a˙eq = pi8
(
E′
σc
)2 {
Γv
(
a
W
)
Gc (v˙)
2WE′
}1/2
v˙ (28)
in which all of the geometrical parameters refer to the impact configura-
tion.
Equation (28) draws out a direct equivalence between resistance Gc (v˙)
to fracture initiation under impact at a speed v˙ , and resistance GD (a˙)
to rapid crack propagation at a crack speed a˙. Two points are important
here. Firstly, as noted by Kanninen and Popelar (1985), constant-speed
crack propagation on the falling (i.e. low speed) sector of GD (a˙) is usually
precluded by stability considerations: if GD (a˙) decreases more rapidly
than the driving forceG with increasing speed, any deceleration will result
in arrest. Thus only data at and to the right of the Gc (v˙) minimum is of
interest. Secondly, the minimum Gc itself — which is, according to this
model, identical to the minimum GD — is likely to be of greatest interest,
and this minimum is often only accessible at relatively high impact speeds
such as those achieved at nearly 10 m/s by Horsfall et al. (2003).
28
7 Conclusions
A one-dimensional finite volume model of work, heat and mass transfer
through the active layer of a Lauterwasser-Kramer craze has been demon-
strated for the cases of constant and linearly increasing thickening rate
in linear and non-linear polymers. The results confirm that adiabatic de-
cohesion is viable for realistic values of thickening rate, cohesive stress
and craze density. The numerical formulation generally confirms the pre-
dictions of the analytical one for non dense crazes, but offers many more
possibilities for exploring potential mechanisms of impact decohesion in
both crystalline and amorphous polymers. Changes in enthalpy with tem-
perature corresponding to first-order transitions do not greatly change the
predictions of the model: ultimately, it is the ‘heat to melt’ which deter-
mines fracture resistance. Increasing molecular weight — which decreases
craze density but increases the structural dimension — gives a net increase
in impact fracture resistance. Finally the model predicts that the fracture
resistance passes through a minimum as the impact speed increases, and
suggests that this minimum value is approximately equal to the minimum
dynamic fracture resistance.
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A Appendix
As described in §3, the heat exchanges defined in Eqns. (1), (5) and (7)
vary with position j − ja (Fig. 5), where ja is the active element: j < ja in
the fibril, j = ja in the one-cell thick active layer and j > ja in the bulk
material. The total heat flow into each plane of elements is
q = − 2(
Lj−1 + Lj
) [k (Tj)AjTj − k (Tj−1)Aj−1Tj−1]
+ 2(
Lj + Lj+1
) [k (Tj+1)Aj+1Tj+1 − k (Tj)AjTj]
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+β
(
σc(˙η)j − Nj−1∆Hf (˙η)jλf
)
(if j = ja)
−4hL0 (λFN)1/2 (Tj − T0) (if j < ja)
Since Lj = λjL0 and Aj = 1λj (where Lj, Aj and λj are the length, cross-
sectional area and axial stretch of element j) q reduces to
q = 1
L0
[
Xj−1k
(
Tj−1
)
Tj−1 +Xjk
(
Tj
)
Tj +Xj+1k
(
Tj+1
)
Tj+1
]+ · · ·
where
Xj−1 = 2λj−1
(
λj−1 + λj
)
Xj = −2
[
1
λj−1
(
λj−1 + λj
) + 1
λj+1
(
λj+1 + λj
)]
and
Xj+1 = 2λj+1
(
λj + λj+1
)
Table A.1 shows the values of these constants in terms of j − ja.
Table A.1
Finite volume weights for the two-sector domain(
ja − j
)
> 1
(
ja − j
) = 1 j = ja j > ja
(in fibril) (on cohesive surface) (in active layer) (in bulk material)
Xj−1
1
λ2F
1
λ2F
2
λF (λF + 1) 1
Xj − 2λ2F
− 1
λ2F
(3λF + 1)
(λF + 1) −
3+ λF
1+ λF −2
Xj+1
1
λ2F
2
(1+ λF) 1 1
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